We demonstrate that a dielectric medium with purely quadratic nonlinearity [the so-called x(2) material] can display self-focusing phenomena through a new type of modulational instability of the interacting fundamental and second-harmonic field components and therefore can support propagation of (two-wave) optical solitons. We prove the existence of a family of such solitons, which are found numerically and, in some particular cases, also analytically. The two-wave solitons are stable in the whole parameter region in which they exist.
The intense study of nonlinear effects in optics has offered new facilities for all-optical signal processing as well as long-distance communication systems. One of the typical effects produced by the third-order nonlinear response of a dielectric medium [i.e., in the so-called X(3) materials] is the intensity-dependent nonlinear refractive index, which leads to selffocusing (or self-defocusing) effects and solitonlike beam or pulse propagation. The standard example of a X(3) material is a nonlinear (silica glass) fiber (see, e.g., Ref. 1) for which propagation of temporal (bright or dark) solitons has been analyzed during the past 20 years.
At the same time, the second-order (or quadratic) nonlinearities of x(2) materials are known to be responsible for effects such as second-harmonic generation. 2 A few years ago these materials seemed to be hardly connected with self-focusing and stationary soliton propagation. However, it is known that materials with a x(2) susceptibility provide one of the fastest electronic nonlinearities among those that are currently available. This has stimulated further efforts to increase the direct third-order nonlinearities through cascaded second-order effects. 3 Such cascaded nonlinearities may be useful for realizing intensity-dependent light propagation in the form of spatial 4 -6 are two-wave stationary localized modes composed of interacting fundamental and second-harmonic field components. Some particular cases of spatial solitons in materials with quadratic nonlinearities have been mentioned. 4 6 In this Letter we present a theory of self-focusing phenomena and two-wave spatial solitons in x(2) materials. In particular, we show that such solitons can be described as a family of stationary localized solutions of two coupled nonlinear equations for the envelopes of the fundamental and second-harmonic field components. We find the shapes of these solitons numerically and, in two particular cases, analytically. The stability of the solitons of this family is also investigated by the beam-propagation method to confirm that two-wave (bright) solitons are stable in the whole parameter region in which they exist.
We consider a phase-matched interaction between the fundamental (first; w 1 = co) and the secondharmonic (&) 2 = 2w) field components through the second-order nonlinearity of a dielectric medium. Introducing the slowly varying amplitudes of the plane-wave solutions exp[in(/lz -&it)] (n = 1, 2), we can write the coupled-wave equations for the fundamental (E,,,) and the second-harmonic (E 2 <,) components in the form 2 ' 6 2i/ aE3 + a2E + (
Here z is the coordinate along the propagation direction, x is the transverse coordinate, e e(w) and e(2co) are relative permittivities for the fundamental and second-harmonic field components, and the nonlinear parameter X is proportional to the corresponding component of the second-order nonlinear tensor Xi. As is well known from the theory of second-harmonic generation (see, e.g., Ref. 2), the specific choice of the fundamental and secondharmonic components depends on the crystalline anisotropy and field polarization. For example, for the uniaxial crystal LiNbO 3 we can select several possible combinations, e.g., an interaction between two orthogonal electric-field components with the coupling parameter X proportional to X( 2 ) The particular form of Eqs. (1) is a bit different from the conventional one known in the theory of secondharmonic generation because it assumes that the propagation constant /8 is an arbitrary parameter that already includes a correction that is due to nonlinearity. This was done to make comparison with the known exact solution from Ref. 6 easier, but we have checked that different forms of the coupled equations are identical, and they lead to the unique system [Eqs. (6) ] given below for the stationary solutions.
As follows from the subsequent analysis, spatially localized stationary solutions of Eqs. (1) w -w + wV = 0, U" -av + w2 = 0, (6) for the real envelopes w(t) and v(e), which may be considered two coordinates of an effective particle 
Similar to the famous nonlinear Schr6dinger (NLS) equation, which is known to be the basic nonlinear equation for materials with X(3) nonlinearities, Eqs. (3) seem to be the fundamental nonlinear system describing two-wave nonlinear processes in a medium with quadratic nonlinearity when diffraction effects are of the same order as those that are due to the second-order nonlinearity.
It is important to note that different stationary solutions of Eqs. (3) 
which has exact soliton solutions of the sech shape (see, e.g., Ref. 9). Together with the relation E 2 w -E),2/2(,6 2 -e') this gives an approximate profile of the two-component solitons in the limit of large a. Equation (5) clearly indicates that in this limit the effective self-focusing is determined solely by the cascaded nonlinearity, 3 which is proportional to X 2/2(,62-e'). However, if a is not very large the system [Eqs. (3)] cannot be reduced to a NLS-type equation, and it displays a broader class of solitarywave solutions than does the effective NLS equation. One may analyze the existence of the self-focusing effects (and, therefore, spatially localized solutions) as a result of the second-order nonlinearities by seeking the conditions for modulational instability of the stationary continuous wave in the framework of Eqs. (3), i.e., the solutions 1wo1 2 = a and vo = 1.
An analysis of the linear stability of these continuouswave solutions against modulations -exp(ifk -iQ t) reveals two branches for the dispersion relation (8) similar to that found earlier. 6 ' 8 However, the Hamiltonian system [Eqs. (6) ] has a broader family of localized (soliton) solutions with nonequal amplitudes of the w and u components whose shapes are determined by a. For a $ 1 we can find this family numerically by using the standard shooting method (similar to that recently used in Ref 10) . Indeed, for every value of the dimensionless parameter a on the plane (w, v) there is a separatrix trajectory that separates two different regimes of particle motion. This separatrix trajectory has two branches, each starting at the point (0, 0) and coming back to that point after reflection describing spatially localized profiles of two-wave soliton solutions at any value of the dimensionless parameter a (one branch of the separatrix trajectory is shown in Fig. 1 ; the other one is symmetric with respect to the change of the sign of w). We have numerically found these separatrix trajectories and, therefore, the corresponding shapes of the fundamental and second-harmonic components of the two-wave solitons. Two characteristic examples of the two-wave soliton are shown in Figs. 2(a) and 2(b) for a = 0.4 and a = 4.0, respectively. For a >> 1 the maximum amplitude w,,, of the fundamental mode is much larger than the corresponding amplitude U. of the second-harmonic mode [see Fig. 2(b) ], and this case corresponds to the asymptotic solution described by the NLS equation (5) . The ratio vUnw! m is plotted in Fig. 3 In all the cases that we analyzed no growing modes that might be responsible for instability were identified, so we conclude that the two-wave solitons of the family found here are stable in the whole range of the parameter a (a > 0). Nevertheless, a complete rigorous analytical study of the soliton stability is still an open problem.
In conclusion, we have shown that a dielectric medium with purely quadratic nonlinearity can display self-focusing phenomena through modulational instability of the interacting fundamental and second-harmonic field components. The selffocusing leads to the existence of stable two-wave spatial optical solitons, which we have described in this Letter as a one-parameter family of stationary localized solutions. The shapes of such two-wave solitons have been found numerically, and it has been shown how these shapes may be expressed analytically in two particular cases.
